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Abstract 

We give a computional method to construct and classify nilpotent 
Jordan algebras over any arbitrary fields by the second cohomolgy 
of nilpotent Jordan algebras of low dimension " analogue of Skjelbred- 
Sund method" , we see thai every nilpotent Jordan algebras can be 
constructed by the second cohomolgy of nilpotent Jordan algebras 
of low dimension. We use this method to classify nilpotent Jordan 
algebras up to dimension three over any field and nilpotent Jordan al- 
gebras of dimension four over an algebraic closed field of characteristic 
^ 2 and over the real field R. Also commutative nilpotent associa- 
tive algebras "associative nilpotent Jordan algebras" are classified , we 
show that there are up to isomorphism 13 nilpotent Jordan algebras of 
dimension 4 over an algebraic closed field of characteristic 7^ 2, and 4 
of those are not associative, yielding 9 commutative nilpotent associa- 
tive algebras. Also up to isomorphism there are 17 nilpotent Jordan 
algebras of dimension 4 over the real field R, and 5 of those are not 
associative, yielding 12 commutative nilpotent associative algebras. 

Keywords : Jordan algebras, Nilpotent, Centeral extension, Cohomology, 
Isomorphism, Automorphism group. 
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1 Introduction 

Jordan algebras were introduced in the early 1930's by a physicist, P. Jordan, 
in an attempt to generalize the formalism of quantum mechanics. Little 
appears to have resulted in this direction, but un-anticipated relationships 
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between these algebras and Lie groups and the foundations of geometry have 
been discovered. 

The structure of this paper, in section 2 we define the notion of Extension 
of Jordan algebra which is similar to the concept of Extension of Groups, 
let N, F and G be groups and let G have a normal subgroup N which is 
isomorphic to N, that is, N = N. Recall that a subgroup is called normal or 
invariant if one has gNg~ x = N for all g G G. (At the Jordan algebras level 
a normal subgroup yields an ideal.) The group G is called an extension of 
F by iV if the factor group G/N is isomorphic with the group F, i.e. G/N 
= F. The relationship between the groups N, F and G can be represented 
by the sequence 

iV G —> F 

where T is an injective group homomorphism with imr = N and where A 
is a surjective group homomorphism with kerA = N. A systematic study 
of group extensions has been performed by the German mathematician O. 
Schreier in 1926. 

In section 3, we focus on the Centeral Extension and in sections 4, 5 and 
6 we descripe the analouge of of The Skjelbred-Sund Method, and carry out 
a procudure for constructing nilpotent Jordan algebras over any arbitrary 
field. Finally, classify nilpotent Jordan algebras of dimension < 4. 

Definition 1 A Jordan algebra J is a vector space over a field K equipped 
with a symmetric bilinear map B : J x J — > J such that : 

B(B(x, x), B(x, y) = B(x, B(B(x, x),y)) , all x,y G J. 

which is called the Jordan identity. 

Let J be a Jordan algebra over a field if. For any integer m G N we define 
a lower centeral series as the descending chain of ideals 

c\J) = JD c 2 (J) = B(J, J) D c 3 (J) = B{c 2 {J), J) D D c rn {J) = B^'^J), J) 

Definition 2 A Jordan algebra J over a field K is said to be nilpotent of 
nilindex n if : 

c n (J) = {0} and c n -\J) ^ {0}. 
Also we call n the nilpotency class of J and J is called n-step nilpotent. 

Definition 3 Let J be a Jordan algebra over a field K then the ideal : 

Z(J) = {x EJ : B(x, y) = Vx E J} 

is called the centre of J. 
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So, any nilpotent Jordan algebra have non-trivial centre Z(J) ^ {0}.ln 
the Jordan algebra J, we will denote the product B(x, y) by x o y and x 2 for 
B(x, x).Then the jordan identity is written as follow : 

x 2 o (x o y) = x o [x 2 o y) , all x,y G J. 



2 Extensions of Jordan algebras 

In this section we are going to focus on extensions of Jordan algebras. Loosely 
speaking an extension of a Jordan algebra J is an enlargement of J by some 
other Jordan algebra. To be somewhat more concrete we consider the fol- 
lowing construction. Starting with two Jordan algebras L and M over the 
same field K we consider the Cartesian product J = L x M. Elements of 
this set are ordered pairs (/, m) with I G L and m G M. Defining addition of 
such pairs by (l,m) + (l ,m) := (l + l ,m + m) and multiplication by scalars 
a G K as a(l,m) := (al, am) the set J becomes a vector space which will 
also be denoted by J. Using the Jordan multiplication on L and M we define 
on J the multiplication 

(I, m) o (Z , m ) — (I o L I , m o M m ) 

One easily sees that this is a Jordan multipliction on J. Defining next the 
map e : m G M — > (0, m) G J and the map A : (l,m) G J — > m G M one 
readily verifies that e is an injective Jordan algebra homomorphism, while A 
is a surjective Jordan algebra homomorphism. Moreover, im e = ker A. The 
Jordan algebra J with these properties is called a trivial extension of of L by 
M ( or of M by L ) . 

Instead of denoting the elements of L by ordered pairs we will frequently 
use the notation (I, m) — I + m . The vector space J is then written as 

J = L®M 

and the Jordan multiplication is in this notation given by 

(I + m) o (/ + m ) = I o L I + m o M m 

This example of a trivial extension is generalized in the following concept. 
Let L, J and M be Jordan algebras and let these algebras be related in the 
following way. 
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• There exists an injective Jordan algebra homomorphism 

e : L — > J . 

• There exists an surjective Jordan algebra homomorphism 

A : J — > M . 

• The Jordan algebra homomorphisms e and A are related by 

im e = ker A . 

Then the Jordan algebra J is called an extension of M by L. The 
relationship is summarized by the sequence 

J M 

We elaborate a little on this concept. Since A is a jordan algebra homo- 
morphism one obtains that ker A is an ideal in J and since A is surjective 
First Isomorphism Theorem entails a Jordan algebra isomorphism between 
the quotient algebra J/ker A and L , 

J/ker A = M 

Using im e = ker A this relation can be written as 

J/im e = M 

Since e is injective the Jordan algebras L and im e are Jordan isomorphic, 
i.e J/L = M. From these properties one sees that it makes sense to call the 
Jordan algebra J is an extension of M by L. 

Definition 4 Let L, J and M be Jordan algebras over the field K . Let 

A : J — > M 

be a surjective Jordan algebra homomorphism and 

e : L — > J 

an injective Jordan algebra homomorphism. Then the sequence 

L^J^M (1) 

is called an extension of M by L if e maps L onto the kernel ker A C J of 
the map A. That is if 

im e = ker A . 

The kernel ker A is called the kernel of the extension. 
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Loosely speaking J itself, instead of the sequence (jTJ), will be called an 
extension of M by L. 

It may happen that there exist several extensions of M by L. To classify 
extensions we define the notion of equivalent extensions. 

Definition 5 Two sequences 

J M 

and 

are called equivalent extensions if there exists a Jordan algebra isomor- 
phism <p : J — > J such that 

<p o e = e , Ao0 = A. 

One easily sees that equivalence of extensions is an equivalence rela- 
tion. 

The concept of a Jordan algebra extension can be formulated more suc- 
cinctly using the concept of an exact sequence. Let {Ji} be a sequence of 
Jordan algebras and a sequence of Jordan algebra homomorphisms 4> i : 
Ji — > Ji+i, then the sequence 

' <Ji—l ' 'Ji r Ji+± r 

is called exact if one has for each i 

im = ker ^ . 

Let L, J and M be Jordan algebras and let us denote by the Jordan algebra 

consisting of the zero element only. Then the sequence — > L — ^ J is exact 
if and only if g is an injective Jordan algebra homomorphism. Indeed, since 
im / = G L the requirement ker g = im / forces g to be injective. One 
usually omits the mapping / i.e., one writes — > L — > J . Likewise the 

sequence J — > M — > is exact if and only if / is a surjective Jordan 
algebra homomorphism. Consequently we have the following proposition. 

Proposition 6 The sequence L — > J — > M of Jordan algebras is an 
extension of M by L if and only if the sequence 

— > L -i* J M — >0 

is exact . 
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Next we introduce some particular types of extensions. For this we need 
the following concept from linear algebra. Two subspaces V\ and V 2 of a 
vector space V are called complementary if V is the direct sum of V\ and Vi. 

Definition 7 An extension 

J -A> M 

is called: 

trivial if there exists an ideal I C J complementary to ker X, i.e. 

J = ker A © I ( Jordan algebra direct sum ), 

split if there exists a Jordan subalgebra S C J complementary to ker X, 
i.e. 

J = ker A © S ( vector space direct sum ), 
centeral if the kernel ker A is contained in the center Z(J) of J, i.e. 

ker A C Z(J) . 

3 2-Cocycles on Jordan algebra 

In this section we take a closer look at central extensions of Jordan algebras. 
The Jordan algebras in this section will be over the field K . Recall that the 
sequence of Jordan algebras 

J^M 

is a central extension (of M by L) if one has for the Jordan algebra homomor- 
phisms e and A the following properties: e is injective, A is surjective, im e = 
ker A and the kernel ker A is contained in the center Z(J) of J. Hence im e = 
ker A is a Jordan algebra with trivial multiplicatin. Since Z(J) is a Jordan 
subalgebra with trivial multiplicatin and since L and im e are isomorphic, 
L is a Jordan algebra with trivial multiplicatin too. A central extension of 
a Jordan algebra M by a Jordan algebra with trivial multiplicatin( a vector 
space ) L can be obtained with the help of a so called 2-cocycle on M. 

Definition 8 Let J be a Jordan algebra and V be avector space over K . A 
bilinear map 

e-.jxj^v 

is called a Jordan 2-cocycle from J to V if it satisfies for all x,y G J the 
following conditions : 
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• 9(x,y) = 0(y,x) {9 is symmetric ) . 

• 9(x 2 , x o y) = 9(x, x 2 o y) ( Jordan identity for 2-cocycles ) . 

The set of 2-cocycles from J to V is denoted by Z 2 ( J, V) . One easily sees 
that Z 2 (J, V) is a vector space if one defines the vector space operations as 
follows. Let Q\ and 9 2 be 2-cocycles rom J to V, then their linear combination 
Ai 61+ A 2 9 2 ( Ai, A 2 G K ) is defined by 

(Ai0i + X 2 9 2 )(x,y) := Ai0i(x,y) + X 2 9 2 (x,y) . 

This linear combination is again a Jordan 2-cocycle. 

Let G Z 2 ( J, V) ,and set Jg = J ®V. Using Jordan multiplication on J 
and the cocycle 9 from J to V e define on Jg the multiplication 

(x + v) o (y + w) = X oj y + 0(x, y) 

For x,y & J,v,w E V . 

Lemma 9 Jg is a Jordan algebra if and only if 6 e ^ 2 (J, V) . 

Proof. For x + v , y + w G J<?,we have that : 

(x + v) 2 o ((x + v) o (y + w)) = (ioji4- 0(x, x)) o (x oj y + 9(x, y)) 

= X 2 oj (xojy) + 9(x 2 ,XOjy) 
(x + v) o ((x + f ) 2 o (y + it;)) = (x + f ) o ((x 2 + 6*(x, x)) o (y + iy)) 

= (X + V) O (X 2 Oj y + 6»(X Oj X,y)) 

= xoj (x 2 ojy) + ^(x,X 2 ojy) 

From Jordan identity it follows that (x + v ) 2 o ((x + v) o (y + w)) = (x + 1> ) o 
((x + v ) 2 o (y + iy) if and only if 6*(x 2 , x o y) = 0(x, x 2 o y) then is a Jordan 
algebra if and only if 6 G Z 2 ( J, V) . ■ 

Lemma 10 Let 9 G Z 2 (</, V) then Jg is a centeral extension of J by V . 

Proof. From the previous lemma Jg is a Jordan algebra and V is a Jordan 
algebra with the trivial multiplication . The sequence V — J © V — ^ J 
is exact ( % be the injection map and 71 be the projection map ) and V =ker 
7r C Z(Jg) . Hence Jg is a centeral extension of J by V . ■ 

Hence, a Jordan 2-cocycle from J to V ( dimV = k ) allows for the 
construction of a k- dimensional central extension Jg = J © V where the 
Jordan multiplication on Jg is given by 

(x + V ) o (y + w) = X oj y + 9(x, y) 
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For x,y G J,v,w G V . 

Now we will show that a Jordan 2-cocycles can be obtained from the" abstract 
form" of a central extension. Considering the extension 

J M 

with im e =ker A C Z(J) we show that one can find 2-cocycles from M to 
L. Consider a linear map s : M — > J satisfying 

A o s = idu 

A map with this property is called a section of J. With the help of a section 
one can define a bilinear map 9 : M x M — > J by taking for all x,y G M 

0'{x,y) = s(xoy)-s{x)os{y) (2) 

Notice that 9 is identically zero if s is a Jordan algebra homomorphism. 
Notice also that 9 is symmetric. From equation A o s = idu and fact that A 
is a Jordan algebra homomorphism one sees that 

X(9'(x,y)) = 

Hence, we have for all x, y G M 

9'(x,y) G ker A C Z(J) . (3) 

Using the injectivity of the map e : L — > J to define the map 

9:MxM — > J . 

Given by 

9 := e- l o9'. 

9 is bilinear and symmetric . It remains to show that 9 satisfy the second 
condition in Defenition [8] . Let x,y G M then by using Jordan identity, 
equation (|2J) and property dHJ) we have 

9 (x 2 , X o y) = s{x 2 o (x o y)) — s(x 2 ) o s(x o y) 

= s(x o (x 2 o y)) — s{x 2 ) o (9 (x, y) + s(x) o s(y)) 

= s(x o (x 2 o y)) — s(x 2 ) o (s(x) o s(y)) 

= s(x o (x 2 o y)) — s(x) o (s(x 2 ) o s(y)) 

= s(x o (x 2 o y)) — s(x) o [9 (x 2 , y) + s(x 2 o y)) 

= s(x o (x 2 o y)) s(x) o s(x 2 o y) 

= 9 (x, X 2 o y) . 

Hence, #(x 2 , x o y) = t~ l {9 (x 2 , x o y)) = e _1 (6 l (x, x 2 o y)) = 9(x, x 2 o y) . 
Then 6 1 is a 2-cocycles from M to L. We have thus shown that 2-cocycles are 
quite natural objects in central extensions. 
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Corollary 11 J e is a centeral extension of J by V if and only if 6 G 
Z%J,V). 

We now proceed with the properties of cocycles. A special type of 2- 
cocycles is given by so-called 2-coboundaries. 

Definition 12 Let J be a Jordan algebra and V be avector space over K . 
Then a linear map 

/ : J — ► v. 

is called a 1-cochain from J to V . The set of all 1-cochains from J to V is 
denoted by C\J,V). 

Notice that C l (J, V) be the vector space Hom(J, V) and hence it has, just 
asZ 2 (J, V), an obvious vector space structure. Using cochains one defines 2- 
coboundaries as follows. 

Definition 13 Let J be a Jordan algebra,V be avector space over K and let 
f : J — > V be a 1-cochain from J to V . Then the bilinear map 

5f : J x J — >V. 

defined by 

(Sf)(x,y) := f(xoy). 
is called a 2—coboundary from J to V. 

Next we show that 5f is a 2-cocycle from J to V. The symmetry of Sf 
follows from 

(8f)(x, y) ■= f(x o y) = f(y o x) = (Sf)(y, x). 
Furthermore the Jordan identity of J imply 

(5f)(x 2 , xoy)= f(x 2 o(xo y)) = f{x o (x 2 o y)) = (5f)(x, x 2 oy). 

for all x,y G J. Hence a 2-coboundary from J to V is a 2-cocycle from J to 
V. Consequently, the map 5 : / — > Sf is a map from C 1 (J, V) to Z 2 (J, V). 

Definition 14 The map 

5:feC\J,V)^5feZ 2 {J,V). 

where 5f is defined by (Sf)(x,y) := f(xoy) for all x,y G J, is called the 
coboundary operator . 
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Using the notions of 2-cocycles and 1-cochains, more precisely the vector 
spaces Z 2 (J, V) and C 1 ( J, V), one defines the second cohomology group of a 
Jordan algebra J bjV . 

Definition 15 Let J be a Jordan algebra,V be avector space over K. Then 
the quotient vector space 

H 2 (J, V) := Z 2 (J, V)/5C\J, V) 

is called the second cohomology group of J by V . 

Elements of H 2 (J,V) are equivalence classes of 2-cocycles and two 2- 
cocycles 9\ and 9 2 are called equivalent cocycles if they differ by a 2-coboundary, 
i.e. if Q\ = 9 2 + d~f for some / G C 1 (J, V). Equivalent 2-cocycles are called 
cohomologous. 

Lemma 16 Let 9\ and 9 2 be equivalent Jordan cocycles and let J$ 1 , J02 
be respectively the centeral extensions constructed with these Jordan cocycles 
. Then the centeral extensions J 9l and J e2 are are equivalent extensions. 

Proof. According to the definition of equivalent Jordan cocycles we have 
9± = 9 2 + 5f with / G C 1 (J, V) a 1-cochain. Define a : Jg 2 — > Jg 2 +sf by 
cr(x+v) = x+f(x)+v . Let x+v G ker a then a(x+v) = x+f(x)+v = 0, hence 
x — v — 0. Thus kercr = {0}, this shows that a is an invertible linear 
transformation. Morever,for all x + v , y + w G Je 2 

a((x + v)o Je2 (y + w)) = o-(xo jy + 2 (x,y)) 

= Xo jy + f(xojy) + e 2 (x,y) 

= xo jy + 5f(x,y) + 9 2 (x,y) 

= xojy + (9 2 + 5f)(x,y) 

= xo J y + 9 1 (x,y) 

= (x + f(x) + v) Oj H (y + f(y) + w) 

= a{x + v)oj H a(y + w). 

Then Jg 1 and Jg 2 are isomorphic. Hence, cohomologous 2-cocycles yield 
equivalent (central) extensions. ■ 

Corollary 17 A cohomology class 9 G H 2 (J,V) defines a central extension 
of the Jordan algebra J by V which is unique up to equivalence. 
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The cocycle 9 = G H 2 ( J, V) gives a trivial central extension of a Jordan 
algebra J by V. Namely 

Jq = J @ V ( direct sum of Jordan algebras ) 

and the Jordan multiplication is given by 

(x + V) o Jo (y + W )=XOj y. 

for all x,y G J and v, w G V. 

For any / G C 1 (J, V) a 1-cochains, 5f = + 5/. Hence, 2-cocycles which 
are obtained from 1-cochains are cohomologous with the trivial 2-cocycle 
9 = we obtain the following corollary. 

Corollary 18 A central extension defined by a 2—coboundary is equivalent 
with a trivial central extension. 

Let V be m-dimensional vector space then Z 2 (J, V) = Z 2 (J,K m ) = 
Z 2 (J, K) m and H 2 (J, V) = H 2 (J, K m ) = H 2 (J, K) m . So for any 9 G Z 2 (J, V) 
we may write 9 = (#i,#2, ,6 m ) £ Z 2 (J,K) m . Let ei,e 2 , , e m be a 

m 

basis of V then 9(x,y) = Y^^i{ x iV) e i where 9i G Z 2 (J,K) , and is a 

i=l 

2—coboundary if and only if all 9 { G 5C l (J, K). 
Lemma 19 dim 5C 1 (J, K) =dim J 2 

Proof. Let J be n-dimensional Jordan algebra with basis < xi, X2, , x n > 

and J* generated by the dual basis < x\, x\, , x* n > defined by x*(xi) = 

1 and x*(xj) = if % ^ j.Let < x r , x r+ ±, , x r+s > be a basis of J 2 . Notice 

that C 1 (J, K) is the dual vector space of J. The coboundary operator 

5 : J* — > Z 2 (J,K) 

defined by 

(5x* k )(x i ,x j ) = x* k (xiO Xj ) 

for x\ G J * and Xi,Xj G J. Let x k J 2 then 5 x* k = 0, so 8C l (J,K) is 

spanned by < x*,x* +1 , i x *+ s > which have a dimension equal to the 

dimension of J 2 . ■ 
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4 Analouge of The Skjelbred-Sund Method 



Let J be a Jordan algebra with non-trivial centre Z(J). We will show that 
such algebra are centeral extensions of smaller Jordan algebras . 

Lemma 20 Every n- dimensional Jordan algebra with non-trivial centre is a 
centeral extension of a lower dimensional Jordan algebra . 

Proof. Let J be n— dimensional Jordan algebra with non trivial centreZ( J) 
, then J/Z(J) is a Jordan algebra of smaller dimension . Let ix : J — > 
J/Z(J) be a projection map, choose an injective linear map rj : J/Z(J) — > J 
such that -k(i](x)) = x for all x G J/Z{J). For x,y G J/Z{J) we have 
rj{x) o rj{y) — r](x o y) g Z(J). This define a symmetric bilinear map 

9 : J/Z(J) x J/Z(J) — >■ Z(J) 

defined by 9(x, y) = i](x) o r](y) — i](x o y). Then 

9(x 2 ,xoy) = i](x 2 ) o rj{x oy) - r](x 2 o (x o y)) 

= (f](x) o t](x) — 9(x, x)) o (i](x) o r](y) — 9(x, y)) — r](x o [x 2 o y) 
= fj(x) o (fj(x) 2 o i](y)) — i](x o (x 2 o y) 
= rj(x) o (i](x 2 ) o i](y)) — i](x o {x 2 o |/) 
= 9(x, x 2 o y). 

Hence, 9 is 2— cocycle. It remains to show that (J/Z(J)) e = J/Z(J) © Z(J) 
is isomorphic to J. Let x G J, then x can uniquely written as x = i](y) + z, 
where y G J/Z(J) and z G Z(J). Define : J — ► (J/Z(J)) e by = y + z. 
Then is bijective and 

(j)(x 1 o J x 2 ) = 4>{{r]{yi) + zi) oj (rj(y 2 ) + z 2 )) 

= <f>(v(yi) o Jv(y~2)) 

= <P{v(Vi °J/z(j) m) + 9{yi,y 2 )) 

= yi°y2 + 9(y 1 ,y 2 ) 

= (yi + zi) o { j /z{J))e (y 2 + z 2 ) 

= 0(zi) ° ( j/z ( j ))e 

Then is an isomorhism. ■ 

So in particular, Every n-dimensional nilpotent Jordan algebras is a cen- 
teral extension of a lower dimensional nilpotent Jordan algebra . 
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Definition 21 Let 9 E Z 2 (J,V) then 

9 ± = {xE.J : 9{x, y) = for all y E J} 
is called the radical of 9 . 

Let us now fix a basis {ei, e r } of V . A cocycle G Z 2 ( J, V") such that 

0{x, y) = £0*(x, j/)ei where 0; G Z 2 ( J, AT). Then 9 ± = 9± n 0^ n .... n 0^ 
i=i 

Lemma 22 Let G Z 2 (J, V) £/ien Z(J e ) = (0 X n Z( J)) © V. 

Proof. Let x + v G Z(Jg) then (x + i>)oj e (y + iu) =0 for all y + w G Jg.Then 
x°jy + 9(x, y) = for all y + u> G Jfl.It follows that x G 0" L flZ(J) then x + t> G 
(0- 1 n Z( J)) © V.On the other hand , suppose that x + v E (9 ± fl Z(J)) © V 
then for all y + w G we have (x + 1>) o Je (y + w) = x o j y + 0(x, y) = then 
x + f G Z(J„). Then Z(J e ) = {9 L n Z(J)) ©Kb 

A subspace W of H 2 ( J, K) is said to be allowable if H 0" 1 H Z(J) = 0. 

Corollary 23 X n Z( J) = if and only if Z(J e ) = V. 

If 9 ± f]Z(J) 7^ then Jg can be obtaines as a centeral extension of another 
Jordan algebra J by {9 L fl Z(J)) © V. Then to avoid constructing the same 
Jordan algebra as a centeral extension of different Jordan algebra we want 
to restrict to such that 9 ± n Z(J) = . 

Let J be a Jordan over a field K . For each G Z 2 (J, V) and G 
Aut(J) ,the automorphism group of J , we define <f>9(x,y) = 9(4>x,4>y) for 
any x,y E J. So Au£(J) acts on Z 2 ( J, V) , and 00 G 5C 1 ( J, V) if and only if 
G (SC^J, V). Then Z 2 (J, V) and tfC^J, V) are invariant under the action 
of Aut(J). So Aui(J) acts on H 2 (J, V) . 

Let 0i,02 G H 2 (J,V) and 0^ n Z(J) = 0^ n Z{J) = , i.e Z(J 9l ) = 
Z(Jg 2 ) = V. Assume that Jg 1 and Jg 2 are isomorphic, let a : Jg 1 — > Jg 2 be 
an isomorphism .Dividing with the common center V we obtain an automor- 
phism a : J — > J- We can realize a as a matrix to a suitable basis for J ®V 
which assumed to contain a basis for J and a basis for V : 

a =( a ° ) 

Where a E Aut(J) , ip — a \ V E Gl(v) and (p E Hom(J, V). 

Now a preserves the Jordan products and writing o x and o 2 for the Jordan 
products of Jg 1 and Jg 2 respectively, we have 

a((x + v) oi (y + w)) = a(x + v) o 2 a(y + w) ; x,y E J and v, w E V. 



13 



Where 

a(x + v) = eeo(x) + (p(x) + tp(v) 
a(y + w) = a (y) + (p(y) + tp(w). 

Then 

a((x + v) o 1 (y + w)) = a(x o y + 9±(x : y)) 

= a (xoy) + (p(xoy) + ip(9 1 (x,y)). 
a((x + v) o 2 a(y + w)) = a ((x) + <p(x) + tp(v)) o 2 (a (y) + <p(y) + ip(w)) 

= a (x)oao(y) + 9 2 (ao(x),ao(y)) 

This yields 

9 2 (a (x),a (y)) = tp(x o y) + i/j(9 1 (x, y)) , x,y G J 
9 2 (a (x),a (y)) = ^{x.y)) mod SC 1 ^, V) 

In case of 9\ = 8 2 = 9 we obtain the following description of Aut(Jg) 

Lemma 24 Let J be a nilpotent Jordan algebra .Let 9 G H 2 (J, V) and 9 L fl 
Z{J) = 0. Then the automorphism group Aut(Jg) of the extension algebra Jg 
consists of all linear operators of the matrix form 



a = 



«o 



Where a G Aut(J) , ip = a |yG Gl(V) and ip G Hom(J, V). Such that : 
9(a (x),a (y)) = <p(xoy) +ip6(x,y) ,V x,y G J. 



Thus Jg 1 and Jg 2 are isomorphic if and only if there exist ciq G Aut(J) and 
ip G Gl(V) such that ct§9 2 = ip9\ mod <5C 1 (J, V), i.e a^9 2 and ip9i are coho- 
mologous. Let 9 1 = (9 n ,9 12 , ,0 U ) G Z 2 (J,V) , 9 2 = (9 21 ,9 22 , ,9 2s ) G 

s 

Z 2 (J,V) and ei,e 2 , ,e m be a basis of V then 9±(x,y) = ^29u(x,y)ei 

i=i 

s 

and 9 2 (x,y) = J29 2i (x,y)ei .Suppose that Jg 1 and Jg 2 are isomorphic , then 
i=i 

s s m s 

J2 a o9 2i {x,y)ei = J29u(x, y)^{ei ). Let iftfe ) = XX* e i tnen Z^oM^ j/)ei = 

i=l i=l j=l i=l 

s m 

J2J2 e ii( x ,y) a ji e j hence: 
i=ij=i 

s 

ao9 2i {x,y) = y^9 u (x, y)a ji mod 6C 1 (J, V) (4) 
i=i 
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It follows that a 9 2i span the same subspace of H 2 (J,K) as the 9 U . We 
have proved 

Lemma 25 Let 9 = (9 1: 9 2: ,9 m ) and rj = (r] 1 ,r] 2 , ,rj m ) e H 2 (J,V) 

and 9 L fl Z{ J) = r/ 1 - fl Z(J) = . Then Jg and J v are isomorphic if and only 
if there exist <p e Aut(J) such that (f>9i span the same subspace of H 2 (J, K) 
as the r\ i . 

i.e Two allowable subspaces give isomorphic Jordan algebras if and only 
if they are in the same Aut( J)-orbit. 



Let J = Ii © I 2 be the direct sum of two ideals. Suppose that I 2 is 
contained in the centre of J. Then I 2 is called a centeral component of J. 



Jordan algebra J = I\ @I 2 with centeral component I 2 is a trivial centeral 
extension of I\ by I 2 . i.e Jordan algebras with centeral components are sim- 
ply obtained by taking direct sums of Jordan algebras of smaller dimension 
with trivial Jordan algebras ( Vector spaces ). Therefore when constructing 
Jordan algebra with non trivial centre as centeral extension we want to avoid 
constructing those with centeral components. The folowing Lemma will help 
us to exclude Jordan algebras wit centeral components . 

Lemma 26 Let 9(x,y) = £ 9 i {x,y)e i G H 2 (J,V) and 9 1 n Z(J) = . 

i=l 

Then Jg has a centeral component if and only if 9±,9 2 , , 9 r are linearly 

dependent . 

Proof. Suppose that 9i, 9 2 , , 9 r are linearly dependent, then there exist a 

proper subset of 9±,9 2 , ,9 r span the same as 9{. So we may assume that 

that some of 9i are zero , hence Jg has a centeral component . 

r=s+t 

On the other hand, Let 9(x,y) = 9i(x,y)ei e H 2 (J,V) and 9 ± n 

i=i 

Z(J) = 0. Suppose that Jg = J ®V has a centeral component B , and B 
is contained in V . Write Jg = J © W © B , then Jg can be considered as 
a trivial centeral extension of J = J © W by B .The centre of Jg is equal 

to V = W © B .Consider {e 1 ,e 2 , ,e s } and {e s+1 ,e s+2 , , e t } are basis 

of W and B respectively. Also J = J ®W can be considered as a centeral 

s 

extension of J hyW , then there exist a Jordan cocycle ip(x, y) = Yl y) e i 

i=i 
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such that ip nZ(J) = and J$ = J = J®W. Then J e is a centeral extension 
of J^by B with trivial Jordan cocycle,, then 

r=s+t s 

Ofay) = ^2 Oi(x,y)ei = ij)fay) = Yj^ifav)^ 
i=i i=i 

Hence 9i,9 2 , ,9 r are lineary dependent . ■ 



So to exclude centeral components, we must have 9i to be linearly inde- 
pendent . 

A Jordan algebra J is said to be a descendant of the Jordan algebra J 
if J/Z(J) S J and Z{J) <' J 2 . If dim Z{J) = r then J is also referred 
to as a step— r descendant. A descendant of a nilpotent Jordan algebra is 
nilpotent. Conversely, if J is a finite-dimensional nilpotent Jordan algebra 
over a field K, then by Lemma ( 120|) J is either a descendant of a smaller- 
dimensional nilpotent Jordan algebra when J has no centeral components, 
or J = J © Kx where J is an ideal of J and Kx is a centeral component of 
J [Kx is a 1-dimensional Vector space viewed as trivial Jordan algebra). 

All our previous observations can be summarized as follows: 

Theorem 27 Let J be a Lie algebra, let Vbe a vector space with fixed basis 
{ei, e r } over a field K, and let 9, r\ be elements of Z 2 (J, V). 

1. The Jordan algebra Jg is a step-r descendant of J if and only if 9 X 
nZ(J) = and the image of the subspace < 9%, 9 T > in H 2 (J, K) is 
r- dimensional. 

2. Suppose that rj is an other element of Z 2 (J,V) and that Jg,J v are 
descendants of J. Then Jq = J v if and only if images of the subspaces 
< 9i, ...,9 r >and < r] r > in H 2 (J, K) are in the same orbit under 
the action of Aut(J). 

It follows that there is a one-to-one correspondence between the set of 
isomorphism types of step-r descendants of J and the Aut( J)-orbits on the 
r-dimensional allowable subspaces of H 2 (J,K). Hence the classification of 
n-dimensional nilpotent Jordan algebras requires that we determine these 
orbits for all nilpotent Jordan algebras of dimension at most n — 1. 
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Let G r (H 2 (J, K)) be the Grassmanian of subspaces of dimension r in 
H 2 (J,K) . There is anatural action of Aut(J) on G r (H 2 (J, K)) defined by : 

< 01, 6» 2 , , r > = < 06*1, 002, , <R- > 

for V =< 0i, 2 , , r >G G r (H 2 (J, K)) and G Aut(J) . 

Note that if {0i, 02, , r } is linear independent so is{00i, 002, , 00 r }. Define 

U r (J) = {V =< 0i, 2 , , r >G G r {H 2 (J, K)) : 6fnZ(J) = 0; i = 1, 2, r}. 

Lemma 28 U r (J) is stable under the action of Aut(J). 

Proof. Let G Aut(J) and V =< 0i, 2 , , r >e U r {J). Let a; G (00^ = 

G J : 00j(y, J) = 0} then <f>(x) G 0^ hence x G _1 0^ = {^\y) : y G 
0^} . Also let 0~ 1 (a;) G 0" 1 0, ± then 00 i (0~ 1 (x), J) = 0j(x, J) = hence 
0" 1 (x) G (00^)^. Then (00 i ) ± = <p~ l 6f and 0~ 1 (Z(J)) = Z{J). Therefore 
(00i) x n Z(J) = 0" x (0^ n Z(J)) = then 0V G C/" r (J). ■ 



Let U r (J)/ 'Aut(J) be the set of Aut( J)-orbits of U r (J). Then there exists 
a canonical one-to-one correspondense from U r {J)/ Aut(J) onto the set of 
isomorphism classes of Jordan algebras without centeral components which 
are central extensions of J by V and have r-dimensional center where r = 
dim V. 

All our previous observations can be summarized to have an analogue of 
the Skejelbred-Sund theorem for Jordan algebras as follows: 

Theorem 29 Let J be a Jordan algebra over a field K .The isomorphism 
clases of Jordan algebras J with centre V of dimension r , J/V = J and 
without centeral component are in bijective correspondence with the elements 
in U r (J)/Aut(J). 

By this theorem, we may construct all nilpotent Jordan algebras of dimen- 
sion n, given those algebras of dimension less than n, by centeral extension. 
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5 Constructing nilpotent Jordan algebras 

In this section we carry out a procudure for constructing nilpotent Jordan 
algebras over any arbitrary field. 

The classification procedure : 



Let J be a Jordan algebras with basis e\, e 2 , e n _ r then the dual basis 
of the space of all symmetric bilinear forms 9 : J x J — y K are E e -e- 
: n — r >i > j = 1 with E e „ ej ( e Z; e m) = £^0™, e{) = 1 if % = I and j = m 
,and takes the value otherwise, then any 2— cocycle 9 G Z 2 (J,K) can be 

n—r 

represented by 9 = E c ij £ e e sucn ^ na ^ ^ ne elements Cij satisfy Jordan 

i>j=i " J 

identity for 2— cocycles . By Theorem ( |29|) we have a procdure that takes as 
input a Jordan algebra J of dimension n — r it outputs all nilpotent Jordan 
algebras J of dimension n such that J /Z{ J) = J, and J has no centeral 
components. It runs as follows : 

• For a given nilpotent Jordan algebra J of dimension n — r, we list at 
first its center to help us identify the 2— cocycles satisfying 9 X flZ(J) 
= 0. 

• Compute Z 2 (J,K): When computing the 2— cocycles, we will just list 
all the constraints on the elements c^-. 

• Compute 8C\J, K) : For e t e J 2 define 0j = E ( A L such that 

d o = e%. Then 5C 1 ( J, if) is spanned by 9\ for all q G J 2 , the scalers 
A' • which at least one of them is nozero are determined by considering 
the invarient of 5C 1 (J, K) under the action of the automorphism group. 

• Compute H 2 (J,K) : The complement of 8C l {J,K) in Z 2 (J,K) be 

n—r 

H 2 (J,K). For 9 = £ c^E*, € Z 2 (J,K) put Cjj = for all 

r 

• Consider # G H 2 (J,V) with 9(x,y) = J29i(x,y)e n - r+ i where the 0j G 

i=l 

H 2 (J,K) are linearly indpendent, and 6*" 1 " (~)Z(J) = 0. Find a list of 
representatives of the orbits of Aut(J) acting on the 9. 
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For each 9 found, construct Jg. Discard the isomorphic ones. 



Remarks : 

1. If charcteristic K ^ 2, one can linearize 8(x 2 ,x o y) = 9(x,x 2 o y) to 
obtain : 

9(x, vo(yoz))+9(y, vo(xoz))+0(z, vo(xoy)) = 9{xoy 1 zov)+9(yoz, xov)+9(xoz, yov) 
for all x, y,z,v G J. May be usefel for computing Z 2 ( J, K). 

2. Let J : a 2 = c,b 2 = — c, choosing one of a or Sft 6 to be a ba- 
sis for the coboundary space, 5C 1 ( J, K), is not correct. Because if we 
choose the coboundary space spanned by J2b 6' we wm S e ^ ^ ne following 
algebras 

Jg 1 : a 2 = c,b 2 = — c, a o c = d,b o c = d 
Jg 2 : a 2 = c,b 2 = — c — d, a o c = d,b o c = d 

isomorphic since 9\ — 9^ = Ylb b w hich is not true. Also if we consider 
the coboundary space, 5C 1 ( J, K), spanned by ^ a a and J2 b b is also not 
correct since dim SC l (J,K) =dim J 2 . 

3. One can use Lemma fT24l) to compute the automorphism group, and 
the system of equations (jljlfor testing if two cocycles are in the same 
Aut( J)-orbit by checking solvalbality. However in the next section we 
construct an algorithm for testing isomorphism of any two Jordan alge- 
bra, by this algorithm we can also compute the automorphism group. 

4. The procedure only gives those nilpotent Jordan algebras without cetral 
components. So we have to add the nilpotent Jordan algebras obtained 
by by taking direct sum of a smaller dimensional nilpotent Jordan 
algebra with trivial Jordan algebra (that has trivial multiplication). 

6 Deciding isomorphism of Jordan algebras 

A classical problem is to know how many different (up to isomorphisms) 
finite dimensional Jordan algebras exist for each dimension. Let J be a 
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Jordan algebra of dimension n, then it has a basis ei, e 2 , e n . It follows 



that there are constants • for n > 2 > j = 1 such that 



d o ej 



fc=i 



Let Ji and J 2 be two Jordan algebras for which we want to decide whether 
they are isomorphic or not. If the dimension of J x and J 2 are not equal, 
then Ji and J 2 can never be isomorphic. Furthermore, suppose that : 
Ji — > J2 is an isomorphism of Jordan algebras, then <f>(Z(Ji)) = Z(J 2 ) 
and 0(C fc (Ji)) = C k {J 2 ). So if dimZ(Ji) ^ dimZ(J 2 ) then J x and J 2 can 
never be isomorphic. Also if dimC fc (Ji) 7^ dim C fc (J 2 ) hen Ji and J 2 can 
never be isomorphic. By this way we may able to decide that Ji and J 2 are 
not isomorphic. There is a direct method for testing isomorphism of Jordan 
algebras by using Grobner bases. Let ei, e 2 , e n be a basis of Ji and let 
ei, e 2 , e n be a basis of J 2 . Let (c^) and (7^) be the structure constants 
of Ji and J 2 , respectively. A map : Ji — > J 2 is an isomorphism of Jordan 
algebras if and only if it satisfies the following requirements : 

• 0(ej o ej) = 0(ej) o (f)(ej) for n > 2 > j = 1, 

• is non-singular. 

Let : Ji — > J 2 is an isomorphism of Jordan algebras given by 4>{ e i) = 

n 

Yli a ij&j then 
3=1 



k,m=l 




(f)(ei o ej ) = ( 534-e fc ) = ^40(e fc ) = c£-a fcm e m , 

and 

0(ej) o 0( ej ) = [ ^a ik e k ) o ( J^a^e, 



n \ / n 



K k=l / \l=l 

n n 



k,l=l k,l,m=l 

Hence the first requirement amounts to the following M^±Ii equations in the 
variables : 

n n 

y^-Qfcm — ^^7fcz a ifcOj7 = for n > i > j = 1 and 1 < m < n. 
k=i k,i=i 
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By the second erquirement the determinant of the matrix (a^) not equal to 
0, det(a^) ^ 0. 

Theorem 30 ( Generalized Weak Nullstellensatz) . Let k be any field. 
A system of polynomials fi,...,f m G k[xl, xn]has no common zero over 
the algebraic closure of k, if and only if, 1 E I where I be the ideal generated 
by the polynomials f±, f m . 

So we consider the ideal / generated by the polynomials 

n n 

y^-Qfcm — ^^lM a ik a ji = for n > i > j = 1 and 1 < m < n. 

k=l k,l=l 

together with the polynomial 6det(ay) — 1 in the polynomial ring k[aij,b}. 
Then there is no solution of this system if and only if I ^ k[aij, b]. The algo- 
rithm for calculating Grobener bases yields a method for deciding whether or 
not 1 G /. Then by Grobener bases calculations we can decide isomorphism 
of Jordan algebras. 

Algorithm 31 Testing isomorphism for Jordan algebras. 

Input : Two Jordan algebras (JijO^ with basis ei, e2, e n and (J2,° 2 ) 
with basis ei, e 2 , en- 
Output ; True if J 1 = J 2 and false in other case. 

1. Compute the following system of equations : 

0(e; o 1 Cj) - <f>(ei) o 2 (p(ej) = for n > i > j = 1. 

where = (a i3 -) nX n 

2. To ensure that is going to be non-singular, add the following relation 
with a new variable b : 

6det0- 1 = 0. 

3. Compute a grobener bases G of the ideal I =< {0(ej o : ej) — 0(ej) o 2 
(p( e j)}n>i>j=i U {6det <f> — 1} > in the polynomial ring k[aij, b]. 

I G = {1}? 

(a) Yes. 

Return False. 
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(b) No. 

Output : True ; Return G. 



If the output of the algorithm is true, then it provides the equations of 
an algebraic variety whose points are all possiple values for 0, hence we have 
a descripiton of the automorphism group in the case J\ = J 2 . 



7 Nilpotent Jordan algebras of dimension< 4 

In this section we use the analouge Skjelbred-Sund method to classify 
nilpotent Jordan algebras of dimension < 3 over any field, and four dimen- 
sional nilpotent Jordan algebras in the following cases : 

• Over algebraic closed field K and ch(K) ^ 2. 

• Over the real field M.. 



Here we denote the j-th algebra of dimension i by Jij . 



7.1 Nilpotent Jordan algebras of dimension 1 

Let J be a Jordan algebra of dimension 1 spanned by a. If J is nilpotent then 
Z(J) is non-trivial. Hence Z(J) is spanned by a. It follows that there is only 
one nilpotent Jordan algebra of dimension 1 over any arbitrary field, Ji^, it 
spanned by a and a 2 = 0. 



J\ i All multiplications are zero. 



7.2 Nilpotent Jordan algebras of dimension 2 

To construct all nilpotent Jordan algebras of dimension 2, firstly we consider 
the trivial 1-dimensional Central extension of the nilpotent Jordan algebras 
of dimension 1 corresponding to 9 = ( Algebras that are direct sum of an 
algebra of dimension 1 and a 1-dimensional trivial Jordan algebra, isomorphic 
to Ji t i) to get nilpotent Jordan algebras with centeral component . Finally 
consider non trivial 1- dimensional Central extension of the nilpotent Jordan 
algebras of dimension 1 to get nilpotent Jordan algebras without centeral 
component. 
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7.2.1 Nilpotent Jordan algebras with Centeral component 

1. 1- dimensional Trivial Central extension of Ji i corresponding 

to e = o. 

(a) We get the Jordan algebra : 



■h,! = Ji,i © Ji,i All multiplications are zero. 



7.2.2 Nilpotent Jordan algebras without Centeral component 

I. 1- dimensional Central extension of J± tl 

Here we get that Z 2 (J ltl , K) is spanned by ^2 aa and 5C 1 (Ji ) i, K) = 0, 
then H 2 (Ji : i,K) is spanned by XL a • So we on ^y one cocycle = 
J2 aa , yielding the algebra : 



J2.2 a = b. 



Theorem 32 Up to isomorphism there exactly two nilpotent Jordan alge- 
bras of dimension 2 over any field K which are isomorphic to the following 
nilpotent Jordan algebras : 



Nilpotent Jordan algebras with Centeral component 



JlA — J\A © J\A- 



Nilpotent Jordan algebras without Centeral component 



J 2 .2 : a =b. 



7.3 Nilpotent Jordan algebras of dimension 3 

From the previous subsection we get that the 2-dimensional nilpotent Jordan 
algebras over any field K are : J^\ and J<i,2- Using those algebra to construct 
3-dimensional nilpotent Jordan algebras as follow : 

7.3.1 Nilpotent Jordan algebras with Centeral component 

1. 1- dimensional Trivial Central extension of J 2 i corresponding 

to 9 = 0. 

We get the Jordan algebra : 



•^3,1 — ^2,1 © Ji,i All multiplications are zero. 



2. 1- dimensional Trivial Central extension of J 2 2 corresponding 

to 9 = 0. 
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We get the Jordan algebra : 



J: 



3,2 



J< 



2,2 



Ji ; i a 2 = b. 



7.3.2 Nilpotent Jordan algebras without Centeral component 
1. 1- dimensional Central extension of J 2 ^\ 

Here we get that Z 2 (J 2t i,K) is spanned by Eaa>E a f> an d Ebb> also 
we get that 5C 1 (J 2i i, K) = 0. Then H 2 {J 2A ,K) is' consists of 9 = 
a iEa,a+ a 2E«,i+«3E(,,f The centre of J 2 ,i, Z(J 2 ,i), spanned by a 
and b, it follows that 9 : J2,i x ^2,1 — > if such that 

e ± n z( j 2 ,i) = 

is nondegenerate since 9 ± = 0. The autommorphism group consists of 



a n 0,12 
O21 o 22 



, det ^ 0. 



Characteristic K ^ 2 



Every symmetric bilinear form is diagonalizable, so we may assume that 

* = E a , a +«E 6>6 and a ± 0. Write 0# = ^ E a , a +«' 2 E a , 6 +/? E 6 , 6 , 
then 



a 2 = a u a 12 + aa 2 ia 2 2 



a\ 2 + aa 2 22 



To fix a[ = 1 and a 2 = 0, choose a 2 \ = a± 2 = and an = 1. 
Then (£o,a +a J2 b , b ) = E a ,a +« a 22 Efe,6 • Thi s show that for any 
a,(3,a 22 G if* such that (3 = aa 2 2l then 9 l a and #1^ are in the same 
Aut( J2,i)-orbit. On the other hand , suppose that 9\ )0l and #1^ are in 
the same Aut( J2,i)-orbit. Then there exist G Aut(J 2) i) and A G K* 
such that 0^i, Q = A^i^, so we have 



1 

a 



A 



1 





it follows that 13 = (^) a. Hence 1>Q and L ^ are in the same 
J 2 ,i)-orbit if and only if there is a 5 G K* with /3 = o" 2 a. So we get 
the algebra 



J: 



3,3 



c , 



ac , a G X*/ (if* 
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Over algebraic closed field K, K* / (K*) 2 = {!}. So we get only one 



J 3 , 3 a 2 = c ,b 2 



Over real field R, R*/ (R*) 2 = {±1}. So we get two algebras 



^3,3 


a 2 = c , 6 2 = c. 


J 3,3 


a 2 = c , b 2 = —c. 



Over finite field K, K* / (K*) 2 = {±1}. So we get two algebras 



^3,3 


a 2 = c , b 2 = c. 


J 3,3 


a 2 = c , b 2 = —c. 



Over rational field Q, 
number of them. 

Characteristic K = 2 



K ) 2 is infinite. Then there is an infinite 



If 9 is alternate we obtain only one cocycle Q\ = XL 6- On the other 
hand if 9 is not alternate, then it is diagonalizable. In this case K* / (K*) 
{1}. so we obtain only one cocycle 9 2 = XL a + XL b ■ Clearly 9 1 , 9 2 are 
inequivalent bilinear form, hence they not lie in the same Aui(J 21 )- 
orbit,[ 4>9i = (det0)#i. i.e 4>9\ is a multiple of 9\, hence it is not conju- 
gate to (9 2 . Then(J 2j i) ei and (J2,i) e are not isomorphic]. We get two 
algebras 



^3,3 


a 2 = c , b 2 = c. 




a b = c. 



2. 1- dimensional Central extension of J 2j2 

Here we get that Z 2 (J 2t i,K) is spanned by XL a an d XL 6- Moreover 
5C 1 (Ji i i, X) is spanned by XLa> then H 2 (J lt i, K) is spanned by XL 6 ■ 
So we get only one cocycle 9 = XL 6' yielding the algebra 



ob 



c. 



3. 2- dimensional Central extension of J ltl 

We have that H 2 (Ji tl , K) is 1-dimensional spanned by XLa> then there 
is no 2- dimensional Central extension of J\ t \. 

We can summarize some of our results in the following theorems : 
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Theorem 33 Up to isomorphism there exist 4 nilpotent Jordan algebras of 
dimension 3 over algebraic closed field K and ch(K) ^ 2 which are iso- 
morphic to one of the following pairwise non-isomorphic nilpotent Jordan 
algebras : 

Nilpotent Jordan algebras with Centeral component 

^3,1 = ^2,1 © Jl,l- 

^3,2 = ^2,2 © Jl,l- 

Nilpotent Jordan algebras without Centeral component 

^3,3 '■ a, 2 = c , b 2 = c. 
'■ o 2 = b , a o b = c. 

Theorem 34 Up to isomorphism there exist 5 nilpotent Jordan algebras of 
dimension 3 over field K and ch{K) = 2 which are isomorphic to one of the 
following pairwise non-isomorphic nilpotent Jordan algebras : 

Nilpotent Jordan algebras with Centeral component 

J 3 ,i = -hi © Ji,i- 

J%,2 = ^2,2 © Jl,l- 

Nilpotent Jordan algebras without Centeral component 

J 3;3 : a o b = c. 

^3,4 a 2 = c , b 2 = c. 
^3,5 : a 2 = b , a o b = c. 

Theorem 35 Up to isomorphism there exist 5 nilpotent Jordan algebras of 
dimension 3 over R which are isomorphic to one of the following pairwise 
non-isomorphic nilpotent Jordan algebras : 

Nilpotent Jordan algebras with Centeral component 

^3,1 = ^2,1 © 

■^3,2 = ^2,2 © Jl,l- 

Nilpotent Jordan algebras without Centeral component 

Jgg^ ■. a 2 = c ,b' 2 = ac. {a = ±1) 
<^3,4 a 2 = b , a o b = c. 

We are showed that also the number of nilpotent Jordan algebras of di- 
mension 3 over finite field is five for any characteristic. 

Theorem 36 Every nilpotent Jordan algebra of dimension < 3 is a commu- 
tative nilpotent associative algebra. 

It follows that all commutative nilpotent associative algebras of dimen- 
sion < 3 are classified, and all previous theorems are valid for commutative 
nilpotent associative algebras. 
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7.4 Nilpotent Jordan algebras of dimension 4 

In this subsection we construct all nonisomorphic nilpotent algebras of di- 
mension four : 

• Over algebraic closed field K and characteristic K ^ 2. 

• Over real field R. 



Here we denote the j-th algebra of dimension % over K and R by Jij(K) 



and ,L 



respectively. 



7.4.1 Nilpotent Jordan algebras with Centeral component 

I. 1- dimensional Trivial Central extension of J 3i i corresponding 

to 9 = 0. 

We get the Jordan algebra : 



J 4} i(K) = J 3)1 © J 1;1 All multiplications are zero. 



J4,i(R) = J 3 ,i © Ji,i All multiplications are zero. 



2. 1- dimensional Trivial Central extension of J 3 2 corresponding 

to e = o. 

We get the Jordan algebra : 



J 4 , 2 (K) = J 3 , 2 e Ji,i a 2 = &. 



4,2 



^3,2 © Ji,i a 2 = 6- 



3. 1- dimensional Trivial Central extension of J 3 3 ,a € if*/ (K*) , corresponding 

to 9 = 0. 

We get the Jordan algebra : 



J^jK) = J 3 , 3 © Ji,i 



c , b 2 = c . 



J: 



a=±L 

4,3 



J. 



o=±l 

3,3 



c , b = ac . (a = ±1) 



4. 1- dimensional Trivial Central extension of J 3 4 corresponding 

to = 0. 

We get the Jordan algebra : 



Ji^jK) = J 3;4 ® Ji,i g 2 = b , aob = c. 



J 



4,4 



J 3 ,4 © Ji,i a = b , a o b = c. 
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7.4.2 Nilpotent Jordan algebras without Centeral component 
1. 1- dimensional Central extension of J 3i i 

Here we get that Z 2 ( J 3>1 , K) is spanned by E a , a > E b ,f» E c ,c> E a ,f» E a , c 
and Ef> c > & l so we § et that $C l (J 3t i, K) = 0. Then H 2 (J 3tl ,K) con- 
sists Of'0 = «1 E a , a +«2 Ei,fc +«3 Ec,c +«4 E a ,6 +«5 E a ,c +«6 Eb,c ■ 

The centre of J 3i i, Z( J 31 ), spanned by a, b and c, it follows that 6 : 
^3,1 x ^3,1 — > K such that 

e ± n z( j 3) i) = 

is nondegenerate since 6 ± = 0. The autommorphism group, Aut(J 3i i), 
consists of : 

(an a 12 a 13 \ 
a 21 a 22 «23 , det 7^ 0. 
031 a 32 a 33 / 

Over algebraic closed field K and characteristic K 7^ 2 : 

Up to equivalence there is only one nondegenerate symmetric bilin- 
ear form, E a a + Efe & + E c c ■ ^° t nere is onr y one Aut{ J 3) i)-orbit = 
Ea,a + Eb, b + Ec,o yielding the algebra 



J^(K) a 2 = d : b 2 = d , c 2 = d. 



Over real field R : 

By Sylvester's law of inertia and Signature, up to equivalence there are 
four nondegenerate symmetric bilinear form 

^1 = Ea,« + Ef>,& + Ec,c 
^4 — ~ Ea,a ~~ Eb,6 ~~ Ec,c ■ 

We see that 6\ and # 4 are in the same Aut(J 3j i) -orbit (since 6>x = —#4), 
also 9 2 and 3 are in the same Aut( J 3i i)-orbit (since # 2 = — 3 ). It 
remains to check that if 61 and 6 2 are in the same Aui(J 3j i)-orbit or 
not. We claim that Q\ and 9 2 are not in the same Aut(J Sj i) -orbit. Let 
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G Aut(J 3A ) and A G M* such that <f)6i = X6 2 . Then 



'11 



+ «21 + a * 
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2 , 2 | 2 

a 12 -r Q-22 i o 32 



a 13 + a "?s + a 



23 



'33 



flllQ-12 + 2 i0 22 + a 31 '32 
011^13 + 0-210-23 + 031033 
Ol2 a l3 + O22O23 + 032033 



A 
A 







-A 



(5) 
(6) 
(7) 



Equations ([SD , dS]) with ([7]) lead to A = and = 0. So 6*i and 9 2 are 
not in the same J 31 )-orbit, hence we get only two algebras 



J' 



a=±L, 
4,5 > 



d , b 2 = d ,c 2 = ad. 



2. 1- dimensional Central extension of J 32 

Here we get that Z 2 ( J 3j2 , K) is spanned by ^ aa , ^ a6 , ^ ac , ^ 6)C and 
Ec, c - Moreover, 5C 1 ( J 3i2 , K) is spanned by ^ aa . Then H 2 (J 3:2 ,K) 
consists of 6 := at Y^ a ,b + a 2 Ea,c + a 3 Z^,c + a 4 X)c,c • The centr e of 
J^,2i Z{J 3 ^)i is spanned by 6 and c. Furthermore the automorphism 
group, Aut( 73,2), consists of : 

/on \ 

4> = J a 2 i a?! o 23 , det 7^ 0. 
\o 3 i a 33 / 

The automorphism group acts as follows : 
cti — )• a^ai + 0310^03 

a 2 — > aiia 2 3ai + ona 33 a2 + (021O33 + o 3 io 2 3)a3 + 031033^4 

«3 — > 0^033^3 

a 4 — )• 20^0330:3 + a^a^. 

We distinguish two cases. 

Case 1 : First suppose that a 3 7^ 0, then we can divide to get a 3 = 1. 
So we may assume that 0J3 = 1, choose an = 033 = 1, this leads to : 

«i — > ai + a 3 i 

a 2 — > a 23 ai + a 2 + (o 2 i + 031023) + o 3 ia 4 

a 3 — > 1 

a 4 — )• 2a 2 3 + ct4- 
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By taking a 3 i = — «i and a 23 = — \a 4l we get a.\ — > and o 4 — )> 0. 
Then we can assume that ct\ = a 4 = and a 3 — 1. To conserve this 
we set a3i = a 23 = and an = 033 = 1, in this case we get 



a 2 

«3 
«4 



By taking a 2 i = —a 2 , then a 2 
E fe c , so we get the algebra : 





OL 2 + 0,21 

1 

0. 

0. Then we may assume that 9 = 



■hfi(K) a 2 = b , boc — d. 



J, 



4,6 1 



b , bo c — d. 



Case 2 : If o 3 = 0, this ledas to 



ol\ — > a^cti 

a 2 — > aiia 2 3ai + 0110330:2 + 0310330:4 

a 3 — > 

a 4 — > 0330:4. 

In order to have 9 L n Z( J 3i2 ) = 0, we need «i 7^ and (0:2, 04) 7^ (0, 0). 
So after dividing we may assume a± — 1. Choose an = a 33 = 1, a 31 = 
and a 2 3 = — 0:2 5 this leads to : 



«2 
«3 
0:4 



1 




0:4 7^ 0. 



then we get the cocycle 9 = J2 a b +a 4 E c c . Now the problem is to de- 
scribe exactly when there exist <fi G Aut(J 3j2 ) with </>(E a b +04 E c c) = 
A(E a ,5+«4EJ for some A G X*. Then we get 0(£ a , 6 +«4 EJ = 
ME a 6"'" a 4 EcJ ^ an d only if there exist 011,033 G iC such that 
a\ 3 a 4 = a n a4. Then there is only one Aut( J 3i2 )-orbit, with representa- 
tive 9 = E a b + E c c • So we get the algebra 



■hAK) 



b , a o b — d , c — d. 



J 



4,7 



b , a o b — d , c — d. 



Remarks 
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• For any a, /3 £ K* there exist x,y E K* such that x 3 a = y 2 /3, by 
taking x = a (3 and y = a 2 (3. 

• Let J^ 7 : a 2 = b , a o b = d , c 2 = ad. Now putting a = aa, b' = 
a 2 b, c = 7c, d' = a 3 d we get the same multiplication table, but 
the parameter has changed to l.So we may assume a — 1, and we 
get only one algebra J^j. 

• Cocycles E a b + E c c and E;> c not lie in the same Aut( J 3)2 )-orbit, 

(Ea,6 + E c ,c) = a n E a ,& +(011023+031033) Ea, c +033 E c , c • Clearly 

and J 4i7 are not isomorphic, J^q not associative but J 4)7 is a 
commutative nilpotent associative algebra. 

3. 1- dimensional Central extension of J^ 3 ,a E K* / (K*) 2 
Here we get that Z 2 (Jg 3 ,K) consists of : 

■= "1 Ea,a +«2 E 6 ,fe +«3 Ea,f> +«4 Ea, C +«5 Efe,c ■ 

Moreover, <5C 1 ( J3 3 , K) is spanned by A E a a +^ E& 6 f° r some X, /3 E K 
such that (A,/?) 7^ (0,0) and 5C 1 (J^ 3 ,-ft') is invarient under the action 
of Aut(J 33 ). The automorphism group, Aut( J£ 3 ), consists of : 

an a i2 
0=| a 2 i a 22 

031 032 033 



such that 



a\ x + cra 21 = a 33 , a 12 + aa 22 = 033 



a u a 12 + aa 2 i022 = , a 33 <5 = a3 3 (a n a 22 - a 2 iai 2 ) 7^ 0. 

Write 0£ = a[ E a , a +« 2 E 6 ,6 +«3 E a , b +«4 E a , c +«5 E 6 , c • Then 

ol x = a\ x a\ + a 21 a: 2 + 2a n a 21 a 2 + ana 3 ia 4 + a 2 ia 3 ia 5 
a 2 = a\ 2 ai + a2 2 a 2 + 2a n a 2 ia; 2 + ai 2 a 32 o;4 + a 22 a 32 a 5 
a 3 = anai 2 aii + a 22 a 2i a 2 + (ana 22 + a 2 iai 2 )o;3 

+ (ona 32 + a 3 iai2)«4 + (021^32 + 031022)^5 
a 4 = 5 (a 22 aa 3 - a 12 a 4 ) 
"5 = o 33 (ai 2 a 3 + a 22 a 4 ) . 

Now we need to determine A and j3, we have : 

<P ^ E a ,a +P E 6)6 ) = (a?iA + o^/3) E a , a + (o? 2 A + a| 2 /3) E 6 , 6 +o 21 a 22 (/? - aA) E a , ( 
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It follows that 5C l (J 3 ^ 2) K) is invarient under the action of Aut(J 33 ) 
if and only if j3 — aX, then 8C 1 ( J 3j2 , K) is spanned by Eaa+^Ebb 
where a E K* / (K*) 2 . Then H 2 ( J 3 Q 3 , K) is consists of : 

9 : = «1 Ea,a +«2 Eb, b +«3 Ea,fc +«4 Ea,c +«5 E 6 ,c modulo £ aa +« Eb,b ■ 

The centre of Z(J 33 ) : is spanned by c, so in order to have 9 ± n 
Z{J 33 ) = we need one of a 4 , a 5 nonzero. Without loss of generality 
we can assume that a& = l. Then 

6 ■= "1 Ea,a +«2 E 6 ,6 +«3 Ea,6 + Ea, C +«5 Eft,c modulo £ aa +« E fe ,fe ■ 

Case q = 1 : 

We get 

a x = a^ai + a^a^ + 2a u a 2 ia 2 + aii«3i + 0210310:5 

a 2 = a\ 2 C(i + a2 2 a;2 + 2a u a 2 ia 2 + ai 2 a 3 2 + 022032^5 

a 3 = a n ai 2 ai + a 2 2a2i«2 + (011^22 + 021012)03 

+ana 3 2 + a 3 iai2 + (021032 + a 3 ia 2 2)«5 

0-4 = 0" (a 22 - a 12 a 5 ) 

«5 = a 33 (012 + a 22 a; 5 ) . 

If 1 + a§ ^ : 

We can choose a 2 2 = 77 1 9 \ and 012 = r/ ~ Q5 9 x to get a4 = 1 and 

a 5 = 0. So may assume that 0-4 = 1 and 05 = 0, to fix 9, choose 
a 12 = a 21 = and a u = a 22 = 1. It follows that 



a 1 


= a>i + a 31 


o 2 


= a 2 


a' 3 


= "3 + «32 


t 


= 1 




= 0. 


«32 


= -«3- 



So we can assume that 9 = a 2 (j2 a , a + E 6)6 ) +E a , c modulo £ a>o + E 6 , 6 , 
then 9 = J2 a c . We get algebra 



J&,%{K) a 2 = c , b 2 = c , a o c — d. 



J 4 8 (R) a — c , b 2 = c , aoc — d. 
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If 1 + al = : 



Over algebraic closed field K and characteristic K ^ 2 : 



We have 



a, = 



a, 



a, = 



a. a 



a- 



a^ai + a^a^ + 2a n a 2 iQ;2 + 011031 + 02ia 3 ia 5 
a^ 2 ai + a^c^ + 2a u a2ia 2 + a 12 a 32 + a 22 a 32 a 5 
a n ai 2 ai + a 2 2a2i«2 + (011^22 + 021012)0:3 
+a u a 32 + a 3l a 12 + (a 21 a 32 + a 3l a 22 )a 5 
5 (a 22 - a 12 a 5 ) 
033 (012 + 02205) • 



Choose 012 = a 2 i = 0, an = 022 = 1,031 = — cki and 032 = -^r (note 
that a 5 7^ since 1 + a\ — 0). It follows that = a 2 = 0, a4 = 1, a' 5 — 
a 5 and 1 + a\ = 1 + a' 2 = 0. 

So we assume that 6* := a 3 J2 a b + J2 a c +a$ J2 b c such that 1 + a| = 0. 
If a 3 = we get the algebra : 



a = c , b = c , a o c = d,b o c = a^d, 1 + 0:5 = 0. 



The change of basis a 



a, b 



—a$b, c — > c and d — > d, yields to 



J4AK) 



c , b = — c , aoc = d,boc = d. 



If a 3 7^ , by consider the previous change of the basis we get the 
algebra : 



c, b = — c , aoc = d,boc = d,aob = a 3 d. 



Now putting a' = a 3 a, b' = a 3 b, c' = a^c, d! = a\d we get the same 
multiplication table, but the parameter has changed to 1. So we may 
assume a 3 = 1, and we get only algebra 



J i>w (K) a 2 = c , b 2 = — c , aoc = d,boc = d,aob = d. 



at 



0. 



Over real field R : 

There is no a$ G K such that 1 

We are completed 1- dimensional Central extension of Jg 3 a G K* / (i^*) 2 over 
algebraic closed field K and characteristic K 7^ 2 since K* / (K*) 2 = 
{1}. To complete classification over R, it remains to consider case 
a = —1. 
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Case a = — 1 



We get : 



«i 



a 



a, 



OLa = 



a K = 



a^ai + c? 21 a 2 + 2a u a 21 a 2 + a u a 31 + a 21 a 3i a 5 
a\ 2 ai + a\ 2 a 2 + 2a u a 2 ia 2 + ai 2 a 32 + 022032^5 
an«i2ai + a 22 a2itt2 + (011^22 + a 21 a 12 )a 3 
+a n a 32 + a 3i a 12 + (a 21 a 32 + a 3 ia 22 )a 5 
-5 (a 22 + a 12 a 5 ) 

^33 («12 + a22«5) • 



As we do before 
If 1 - a\± : 
We can choose a 2 2 = 



8(l-al) 



and a 12 = 



a5 



to get a' 4 — 1 and 



<5(l-«!) 

1 and 0:5 = 0, to fix 9, choose 
and an = 022 = 1- It follows that 



a 5 = 0. So may assume that 04 
012 = a 2 i 



a 9 



a? 



a x + a 3 i 

a 2 

«3 + «32 

1 
0. 



Choose a 3 i = —0:2 — «i and a 32 = — a 3 . 

So we can assume that = -a 2 (£ aQ ~ Eft,*) +E a , c modulo £ a a - £ 6 , 6 , 
then 9 = J2 a c . We get algebra 



If 1 



«i = 0: 



We have 



J 



'1,9 



c , 6 2 



a; -1 



CXr. = 



ftt; 



a^ai + a^a^ + 2a u a 2 ia 2 + ana 3 i + a 2 ia3i«5 
a\ 2 ai + a^a^ + 2ana 21 a 2 + a 12 a 32 + 022032^5 
aiiai2«i + 022021^2 + (011^22 + 021012)0:3 
+ana 3 2 + 031^12 + (a 2 ia 3 2 + a 31 a 22 )a 5 
-5 (a 22 + ai 2 a 5 ) 
033 («i2 + 0220:5) • 
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1, a 3 i = -«i and a 32 = (note 



Choose a 12 = 021 = 0, an = 022 

that 0:5 7^ since l — a\ — 0). It follows that d x = ot 2 = 0, a' 4 = 1, o/ 5 
o 5 and I — a\ = I — a' 2 = 0. 

So we assume that := a 3 E a 6 + E a c +a 5 E& c such that 1 — a 2 = 0. 
If a 3 = we get the algebra : 



c, b = — c , a o c = d,b o c = a^d, 1 — = 0. 



The change of basis a 



a, 6 



c and d 



d, yields to 



J 



4,10 



c, b = — c , aoc = d,boc = d. 



If a 3 7^ , by consider the previous change of the basis we get the 
algebra : 



c, b = — c , aoc = d,boc = d,aob = ct 3 d. 



Now putting a' = a 3 a, b' = a 3 o, c' = a 3 c, d! = a\d we get the same 
multiplication table, but the parameter has changed to 1. So we may 
assume a 3 = 1, and we get only algebra 



J 



4,11 



a — c , b = — c , aoc = d,boc = d,aob = d. 



Remark : 

One can consider the algebra J : a o b = c instead of Jg 3 over algebaic 
closed field K and ch(K) 7^ 2, by change of basis a — > a + ab, b — > 
a — ab,c — > 2c and a 2 + 1 = 0. Also for J^ 3 , a = — 1 in the case of 
the Real field R, by change of basis a — > a + b,b — > a — b,c — > 2c. 
Calculations by this consideration may by some simple. Here we get 

that H 2 (J,K) consists of 9 = «! E a ,a + a 2 E&,& +«3 E a , c + a 4 E 6)C , 
and the automorphism group consists of 



an a±2 
a 2 i a 2 2 

O3I O32 0'llO'22 + a 21 a 12 



, a 1 xx a 1 22 —a 1 X2 a 1 2X 7^ and a n a 2 i = a\ 2 a 22 = 



Then (f)9 = a[ E a , a +4 E 6)6 +4 E a , c + a 4 E 6 , c 



a -1 



OLa 



= a 11 ai + 2ana 3 iQ; 3 

= a\ 2 a 2 + 2a 2 2a 3 2Q;4 

= (a u a 2 2 + 021012) (a u a 3 + 0210:4) 

= (0ll022 + 021012) (0l2«3 + 2 2«4) 
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We find that there exist only three orbits, Q\ = J2 a c > ^ 2 = E a c + E& b 
and #3 = J2 a c + J2 b c , which be the same number of orbits we get for 
these algebras. 

4. 1- dimensional Central extension of J3 4 

Here Z 2 { J 3 , 4 , X) is spanned by £ a>0 , Ea,6 and E«, c + Ef>,6 • Moreover, 
^^(^3,4, K) is spanned by ^ a a and ^ a &■ Then if 2 ( J 3j4 , is spanned 
by # := E a c + Eb 6> so we om Y one algebra 



Jaii(K) a 2 = b , aob = c,aoc = d,b 2 = d. 



^4,12 (K) a 2 = b , aob = c,aoc = d,b 2 = d. 



5. 2- dimensional Central extension of J 2 ,i 

Here H 2 (J 2 ,i, K) is spanned by £ 0j0 , £ 0j6 and £ 6jb , then G 2 {H 2 (J 2A , K)) 
consists of : 

6 ■= "1 E„,a A Ea,6 +«2 Ea,a A E b ,6 +"3 Ea,6 A Eb,b ■ 

The autommorphism group, Aut(J 2i i), consists of : 

an Oi2 



, det ^ 0. 

&21 ^22 

Now we need to find representatives of U 2 (J 2 ^) / Aut(J 2: i) , write 

W ■= < Ea,a A Ea,b +«2 E a ,„ A E&,& +«' 3 E a , b A E 6 , fe ■ 

Then 

a'l = (a^cti + ana 2 ia 2 + a 21 a 3 ) det 

a' 2 = (2auai 2 a 1 + (ana 22 + ai 2 a 2 i)o; 2 + 2a 2 ia 22 a 3 ) det0 

a' 3 = (a\ 2 a-i + ai 2 a 22 a 2 + a 22 a:3) det 0. 

Without loss of generality, we can assume that a± — 1 since (cti, ct 2 , ct 3 ) 
7^ (0, 0, 0) . Choose a n = a 22 = 1, a 21 = 0, a 12 = ^f 2 to get a[ = 1 and 
a' 2 = 0. 

So we may assume 6 = J2 a , a A E a ,b +«3 E a ,6 A E fe)fe • 
If a 3 = : 

Then we get the cocycle Q x = E a ,a A E a ,& • 
If a 3 ^ : 

a'i = (a^ai + a 2 iO: 3 ) det 

a/ 2 = (2anai 2 o;i + 2a 2 ia 22 ct3) det 

a/ 3 = (oi 2 o;i + a 22 o; 3 ) det 0. 



36 



To fix a 2 = choose a 2 i = a\ 2 = 0, then 



a 



a. j 



det (j) (a n ) 


det [a\ 2 a^) . 



Over algebraic closed field K and characteristic K ^ 2 : 
In this case every element is a square, then we choose an 



M22 



^=L= and then dividing by det 0. We get 9 2 = £ aa A J2 a ,b ~ A £&,6 

(j2 a a + Xlfe A 6 • ^ e c l a i m that $1 an d $2 are not in the same 
orbit. Let G Au£(J 2! i) and A G if* such that #1 = A6 l 2 ,then 



A 

-A 



(ail) det 
(2anai2) det < 
(a^ 2 ) det 0. 



Equation ([H]) ensures that A = 0. So we get only two Aut( J 2 j)-orbits 
over K, yielding the two algebras 



c , a ob = d . 



c, b =c,aob = d. 



Over real field R : 

If 0:3 < 0, choose an 
get : 



1,022 



and then dividing by det 0We 



0, 



J2a,a A Ea,l) X]a,6 A _ (X]a,a + ^b,bj A Sa. 



6 • 



If a 3 > 0, choose an 
get : 



l,a 22 = -7= and then dividing by det0. We 



Clearly #1 is not conjugate to any of 9 2 and #3. It remains to check if 
6 2 and #3 are in the same Aut( J 2j i)-orbit or not. Let G Aut( J 2 ,i) and 
A G E* such that 6 3 = A6» 2 ,then 



A = (a n + a 2 i) det 
= (2anai2 + 2a 21 a 22 ) det 
-A = (a\ 2 + a 22 ) det <f>- 



(9) 
(10) 
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Equations (jUJ) and ffTUl) Lead to A = and = 0. So we get only three 
Aut( J2,i)-orbits over M, yielding the three algebras 



J 



4,131 



c , a o b = d 



J 4j l 4 (IR) 


a 2 = c , b 2 = c,aob = d. 




^4,15 W 


a 2 = c , b 2 = —c , a o b = d . 



Summarize our results in the following theorems : 



Theorem 37 Z7p to isomorphism there exist 13 nilpotent Jordan algebras 
of dimension 4 oi>er algebraic closed field K and ch(K) ^ 2 which are iso- 
morphic to one of the following pairwise non-isomorphic nilpotent Jordan 
algebras : 

Nilpotent Jordan algebras with Centeral component 

Ji,i — Jz,i ® Ji,i- '-All multiplications are zero. 

Ji,2 = Js,2 g Ji,i- : a 2 = b. 

^4,3 = ^3,3 g J\,i- : a 2 = c , b 2 = c. 

J4,4 = J3,4 © Ji t i. : a 2 = b , a o b = c. 

Nilpotent Jordan algebras without Centeral component 

J4,5 : a 2 = d , b 2 = d , c 2 = d.. 

J 4j6 : a 2 = b , bo c — d. 

J 4> 7 : a 2 = b , a o b = d , c 2 = d. 

J 48 : a 2 = c , b 2 = c , a o c = d. 

J 4j9 :a 2 = c, b 2 = — c , aoc = d,boc = d. 

J 4i io : a 2 = c , 6 2 = — c , aoc = d,boc = d,aob = d. 

Ji,u '■ a 2 = b , aob = c,aoc = d,b 2 = d. 

J 4i i2 :a 2 = c, a o b = d . 

J^n : a 2 = c , b 2 = c,aob = d. 

We see that all nilpotent Jordan algebras of dimension 4 over algebraic 
closed field K and ch(K) ^ 2 are associative except J 4i6 , J 4i8 , J±$ and ^io- 

Theorem 38 Z7p to isomorphism there exist 9 commutative nilpotent asso- 
ciative algebras of dimension 4 oi>er algebraic closed field K and ch(K) 7^ 2 
which are isomorphic to one of the following pairwise non-isomorphic com- 
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mutative nilpotent associative algebras : 

Nilpotent Jordan algebras with Centeral component 

Ja,i = ^3,1 ® Ji,i- '-All multiplications are zero. 

J 4,2 = ^3,2 ® Ji,i- : a 2 = b. 

^4,3 = ^3,3 ® J\,i- : a 2 = c , b 2 = c. 

J 4j4 = J3,4 © Ji,i. : a 2 = b , a o b = c. 

Nilpotent Jordan algebras without Centeral component 

Ja,5 : a 2 = d , b 2 = d ,c 2 = d.. 

J 4j 7 : a 2 = b , a o b — d , c 2 = d. 

Ja,u '■ o 2 = b , aob = c,aoc = d,b 2 = d. 

Ji,i2 '■ a 2 = c , a o b — d . 

Ja,i3 :a 2 = c, b 2 = c,aob = d. 

Theorem 39 Up to isomorphism there exist 17 nilpotent Jordan algebras of 
dimension 4 over R which are isomorphic to one of the following pairwise 
non-isomorphic nilpotent Jordan algebras : 

Nilpotent Jordan algebras with Centeral component 

= ^3,1 © J\,i- '-AH multiplications are zero. 

Ja,2 = Js,2 g Jg- : a 2 = b. 

J2= ±L = J 3 a = ±1 ® J 1A . : a 2 = c , b 2 = ac . (a = ±1) 

J4,4 = J^,a ® Ji,i- : a 2 = b , a o b = c. 

Nilpotent Jordan algebras without Centeral component 

J2= ±L : a 2 = d ,b 2 = d ,c 2 = ad . (a = ±1) 

Ja,6 : a 2 = b , bo c — d. 
Jaj : a 2 = b , a o b = d , c 2 = d. 
J2$ ±L : a 2 = c , b 2 = ac , a o c = d 
Ja,9 : a 2 = c , b 2 = —c , aoc = d,boc = d. 
Ja,io : a 2 = c , b 2 = —c , aoc = d,boc = d,aob = d. 
J 411 : a 2 = b , aob = c,aoc = d,b 2 = d. 
Ja,12 : a 2 = c , aob — d. 

^403 ' '■ a 2 = c , b 2 = ac , a o b = d . (a = ±1) 

Also, all nilpotent Jordan algebras of dimension 4 over R are associative 
except J 4j6 , J^s ±1 , J 4 ,9 and J 4j i . 

Theorem 40 Up to isomorphism there exist 12 commutative nilpotent as- 
sociative algebras of dimension 4 over R which are isomorphic to one of the 



(a = ±1) 
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following pairwise non-isomorphic commutative nilpotent associative alge- 
bras : 

Nilpotent Jordan algebras with Centeral component 

J^i = Js t i © J\ t \. :All multiplications are zero. 

J 4,2 = J3,2 ® Ji i- : a 2 = b. 

J2= ±L = J£= ±l © J 1A . : a 2 = c , b' 2 = ac . (a = ±1) 

Ja,a = J?,,4 ® J\,i- : a 2 = b , a o b = c. 

Nilpotent Jordan algebras without Centeral component 

J2= ±L : a 2 = d ,b 2 = d ,c 2 = ad . {a = ±1) 

J 4]7 : a 2 = b , a o b — d , c 2 = d. 

J 4i n : a 2 = b , aob = c,aoc = d,b 2 = d. 

Ji,i2 : a 2 = c , aob — d. 

^403 ' '■ a 2 = c , b 2 = ac , a o b = d . (a = ±1) 
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